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Abstract

The purpose of this paper is to give another proofs of certain well known metrization

theorems by the method of ranked space.

§0. Introduction

K. Kunugi introduced the notion of ranked space as a generalization of metric spaces
(see(3)). There are various theorems which have been established in the problem of finding
necessary and sufficient conditions for a topological space to be homeomorphic with
metric space. In this note we shall prove some metrization theorems in the method of
ranked space. >Throughout this note, the term “ranked space” will means a ranked space

of indicator woe. (wo is the first nonfinite ordinal)

81. Preliminaries

We define the ranked space. Let R be a nonempty set such that, to every point p of
R, there correspond a non-empty family U(p) whose elements are subsets of R, denoted by
U(), U(p), etc. and called preneighborhoods of p.  Suppose that, for every p of R and
every preneighborhood V(p) in U(p) satisfy the following condition:

(A) (Axiom (A) of Hausdorff see (2)). V(p)=3p.

Define U=U{U(p); p in R}. Then the space R is called to be a ranked space if for
every n&€N (N is the set of {0,1,2, -+~ }), there is associated a subfamily of U, denoted
by U, satisfing the following axiom:

(a) For every pER, every V(p)EU(p) and every nEN, we can find a U(p) such that
(D U Vv(p)
(2) U(p) belongs to some U~ with m=n.
A preneighborhood belonging to U. is said to be with rank n. Preneighborhoods of p with

— 271 —



Memoirs of Fukui Institute of Technology, Vol. 22, Part 1, 1992

rank n are written V(p, n), U(p, n), etc.. Moreover we assume that R is a preneighbor-
hood of every point with rank 0. A ranked space is a nonempty set R with those families
U, U.(nEN), which is written (R, U, U.) (briefly, (R, U)). In a ranked space (R,U) a
sequence of preneighborhoods {Vi(p:, n:)} (briefly, {Vi}) is called a fundamental (or more
precisely U-fundamental) sequence if three conditions belw are fulfilled.

(1) Vilpo, n) DVi(pi, ni) D weeeee DVilpi,n)D oo :

(2) ne=nis e SRS e , O=ni<oo, limn,=co

(3) For every nE€N, there exists an iEN such that iZn, p.=p. and n.<n...
In paticular, {V.(p;, n:)} is called fundamental sequence of center p, if p.=p for all i. A
sequence {p:} in R is called a Cauchy sequence if there exists a fundamental sequence of
preneighborhoods {Vi(q:, n)} such that for every V: there exists a j with the property that
px&Viforall k=j. In this case, {Vi} is called a defining sequence of the Cauchy sequence
{p}. A sequence {p:} in R is said to ortho- (or r-) (resp. para- (or 7-)] convergence to p
if {p} is a Cauchy sequence for which we can find a defining sequence {Vi(p, n:)} (resp. {V.
(g:, n)} such that pEiQN‘/i(Qi, nJ)l.

A ranked space 1s said to be complete, if for every fundamental sequence {V.} we have
N Visé. For two fundamental sequences {Vi} and {U} we write {Vi} > {U} to mean that
for every Vi, there exists a U; such that ViDU, and {Vi} and {U} are said to be equivalent
if {V}>A{U} and {Vi} <{U}.

Two ranked space (R, U) and (R, ) are said to be equivalent (with respect to funda-
mental sequence) if for every U-fundamental sequence {Vi(p, n.)} (resp. {Vi(g:, n.)}) there
exists an equivalent U-fundamental sequence {U:(p, n.)} (resp. {U.(r;, m)}] and for every
U-fundamental sequence {Ui(p, n.)} (resp. {Ui(q:, n:)} ] there exists an equivalent U-funda-
mental sequence {V.(p, m.)} (resp. {Vi(ri, md}).

§2. Metrization of ranked spaces

A ranked space satisfies the axiom (1) and (2) of class (L) of Fréchet (see (1)) if we
take r-convergence as the notion of limit. But in general, it is not a topological space.

We define metrizability of ranked spaces. We proved the following Proposition 1. (see (3))

Proposition1. In two equivalment ranked spaces (R,U) and (R,U), r(7m)-convergence
and completeness are identical.

Definition 1. Consider a metric space (R, d) where we shall use (R, d) to stand for
a metric space R with distance function d,

Let 20> A,> ++eeee > A e —0 as n—>co. If for all pER and n€N, S(p, 1.) =
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{qld(p, g) = 1.} is taken as a preneighborhood of p with rank n, then R becomes a ranked
space and is called a ranked metric space. If we let U*(p,n)=8p,2™), W."={U"(p,n):
pER} and U*'=U{U.": nEN}, then (R, UL*, U.") is a ranked metric space.

Deffinition 2. A ranked space (R,U) is metrizable if we can define a distance
function d in R such that the ranked metric space (R, I4*) obtained from the metric space
(R, d) is equivalent to the ranked space (R, U).

Proposition 2. A ranked space (R, U) is metrizable if and only if there exists an
equivalent ranked space (R, U, U ) with the following property.

For every point pER and every nE€N, preneighborhood wizh rank n consists of only
one preneighborhood and is denoted by U(p, n). Let U.={UW{p, n): pER}, U=U{U.: nE
N} and suppose that {l4.: nEN} satisfies the following conditions.

(1) For every n&N and every pER, we have U(p, n) DU(p, n+1)
(2) For every pair p, g of R and every nEN, we have
(1) U(p,n)>q implies U(q, n)3p.
(1) Ulp,n)NU(q, n)>*¢ implies U(p, n—1)3q.
(3) For every p of R and every sequence of preneighborhoods such that
Ulp,0)DUp@, 1) D - DU, n)D e ,HQNU(p, n)

consists of p alone. (see (3))

§83. Proofs by the method of ranked spaces.

In this notes we shall prove certain well known metrization theorems by the method of
ranked spaces.

Some classical and still fundamental metrization theorems.

Theorem 1. (Alexandroff-Uryshone’s metrization theorem)

A T\-Space X is metrizable if and only if there is a sequence U1, Uz, = , of open cover-
ings such that

(1) U US>USUS> ;
(1) {Sp,U)In=1,2, - } is a nbd base at each point p of X.

Namely {W4:} is a normal sequence. Obviously (i) may be replaced with the condition
@), A u.>uUL>U>UP> , where U*=1{S(p, W) |pEX} and U* = {S(U, W) IUE
U}. U:is a refinement of U :denoted W .>U: means if each set U: belonging W . there is
a set U, belonging U . such that U:CU..

Proof Evidently for every n, W is a refinement of U .1, and we assame U, consist

of X alone. For every x€X, put V(x, n) =S(x, U.) and call it a preneighborhood of x with
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rank n. Put U.={V(x,n)|xE€X} and U=U{U.InEN}. Then (X, U., U) becomes ranked
space and (X, U., U) is metrizable. Because conditions (1), (3) of Prop.2 is evidently
satisfy. For condition (i) of (2) of Prop. 2, from V(x, n) =S(x, U.), V(x, n) 3y implies
V(y,n)3x. For condition (ii) of (2) of Prop. 2, suppose V(x, n) NV (y, n) Dz, then there
exist Un-1EUW »-1 such that U.-.DV(z, n) 3x,y, 2. Therefore V(x,n—1) DV(z, n) and V{(x,
n—1)3x,y,z. Then V(x,n—1)3y. From (ii) of this theorem {S(p, U.)} ={V(p, n)} is
a nbd base in the topological space X and (X, U., U) is a ranked space such that r-conver-
gence and convergence in the topological sence are identical. {U.InEN} satisfies the
conditions of Prop. 2. Therefore ranked space {X, U} is metrizable.

Theorem 2. A Ti-space X 1s metrizable if and only if it satisfies the following condi-
tions. (see (4))

There exists a sequence {lL./nEN} of open coverings of X such that {S*(x, U.) InEN}

is a nbd basis of each point p of X. Where we denote S*(x, ) =S(S(x, W), U).

Proof We may assume that U, consists of X alone. For S(x, 1) where x is every

point of X, there exists n: such that S(x, W) DS*(x, U.,) DS(x, U.). Put Vi(x,1)=

S(x, ) and S(x, U») =V(x,2). Then there exists ns such that V(x,1) DV (x,2) D

S*(x, U») DS(x, Un).
Put S(x, U.) =V (x, 3) -+ S(x, U.)=V(x,D. Put U.={V(x,n)|xEX} and U=U{U.InE
N}. Evidently {X, U., U} is a ranked space and it satisfies the conditions of Prop. 2.

For (1), clearly V(x,n) DV(x, n+1); nEN, for (1) of (2) V(x, i) 3y implies V(y, i) 3x
for (i1) of (2) suppose V(x,i) NV (y,i) 3z. From S*(x,U.) =S(S(x,U.), U:x),
S*(x, Un)Dx,y,zand V(x,i—1) DS (x, U.) 3x,y,2z. Wehave V(x, i—1)Dy.
For (3) from S*(x, U.) DS(x, n:) and {S*(x, U.)} is a nbd base, {S(x,U.)} is also a nbd
base for each point x. Therefore ranked space (X, U) is metrizable such that r-conver-
gence and convergence in the topological sence are identical. {U. |n&N} satisfies the condi-

tions of Prop. 2. Therefore ranked space {X, U} is metrizable.
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