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Comments on Quantum Field Theory of Complex Mass
Sigeyuki OTAkA and Hideo Taxkak1

The quantum field theory of complex mass is critically reviewed with respect to the
quasi-hermitian conjugation, definition of the vacuum and unitarity of the scattering matrix
in the physical subspace. Moreover, it is suggested that the quasi-hermitian conjugation

and definition of the vacuum are modified, and their availability is discribed.

§ 1 Introduction

AR O I TR PN — S0 SN FRAR R BB OW TR TH 50 w1 NFOEELRE
ATHE Uz Heisenberg, Pauli o FEiRZ UK E 9 %5 & DT, Tomonaga DB% KT DF
L, EMEAICH &S HENcoDWw 5 Feynman, Dyson i DM HIEXNENTH b0 T2
Db, 4UOCDMHRHREZZ SN B EDLRICHEEZ, TN oD T % Hilbert space i
BoOTYRErREED RiE~ 7 Flvﬁiﬁbéﬂ, HA S wI AT EH T 5 LIRBEETICK -
TADEND. TLTIOMRMRETHBANZEOSH TS LKRINED, oM TIZER
EFICELL—HLTVD. &R, GBSO FEEDOT S « KELTOZxvF—HENDTH

(Lambshift) « 5O REMIRERIIETH S

Z 0wz g Lagrangian 235.2 Shid, EEOENOERRIELD 1L & TRBAICE
HTX2L0 D UEKRTHAETHHH, <0 AHERAKICHENNEDIE> THWE2DTRARELT
BREDLORRO L b RERIEIRBEONETH 5,

LioPmTHEERIREVRLELLTRD2DOENHH, THDL,

(1) infrared divergence

(ii) ultraviolet divergence
X<{HoNTY 2K21C, EBRIEN 4/RClifeEo low frequency limit THRET L&
infrared divergence, << L ¢ high frequency limit TR¥E T A L& X ultraviolet divergence &
A |

Nakanishi®) (CX-> TLTOAR LT =a— Y / o KT-EOMEEMA%ZE A7 infrared
divergence O —fIfMEI IR~ SN TS, {17, ultraviolet divergence DR# & LT, EW
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RIBZDRRERBRCHT T, RELHEBLENOB/ERCL-> THET 3HESNH 2. O
HBedDTBBERmEN D T, REIFEIZEOH VI, KREREIEELETE 2D TN
BB IRIEE HEINCERTE, »OoMOBEEROTRICHEL 258 R &R h 2 BRI
BEEND X501 L LIS, RHFBIRD dynamical AR ETERNENS
MDD Do
COCABEBCBKROI D IBHENSH D TR,
D FEHITHKE T,
(D BELGEOMEMEMICR D THBRIELTE- CHEBEHTE 3225, BT & « P
LOMAMFRADOX DI, BOMAMFROLGIE, BHEMIZIZEALEKROBVE
EMZ W,
GiD FOMMEFRICEO T, (D CERAREBT ENMEN TN %,
PEEY, (D HHERESBRO—BRWTHARBEL LB TH L OB OBETFRBERSN S,
10, Yamamoto® ~® (33 L WL OFEROM LTS > T b LilOWREARRT 5709
WARERLT 28 ¢ propagator \[CIKDFRHETEFET 5. T1abb,
(i) relativistic covariance
(ii) real analytic
(iii) one simple pole on real k2-axis (definite norm)
(iv) free from infrared divergence
(v) free from ultraviolet divergence

(vi) macrocausality

%55, ko propagator THiF Lk EAH Yamamoto® »® [T k- TIHHI N T S,

<O | To®g) | 0>=

dape—tRGx—2D (21 B) (k272
@) (k2—x2) (k2 =) (k2= 72)

T T propagator |3 scalar field OBAICELTTH 2, § 2B T Yamamoto D EE &
WP 25 0B FROMFMEFENEZ 5N TV 5,
%7z, Lee, Wick™ ~% (3 S-matrix 3 unitary T&h %743 Lagrangian 25z )L 3w FTHOEID
TP —REICEET 2 2oL, BHICERMEAMAOLE, YROBHBILTY
G

¢l‘=A/‘+iB#

F’chgi% CEICELT, NFo VIOBEBREEENL LT NTOHEBAEZHRL CEREEZTRIZLT
WBe TZT B, |3 negative metric [CB{%db 2 EE 443 5 Bose field T&H 3,
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Yamamoto (31D WO NMETH AL ORMARIT B-bIC EREBAEALT—HEHDMR
XD~ FNIHS, TNOOFLRORES AR T 5D O section DHMTH %,

(1) amé%ﬁfpmmymrKEK%M%%K%%%CMwMZKQ,Qmme%)%ﬁE
U, 28057z < Jioilisk % propagator Z 2151 72,

(2) = p#kis propagator ZMAY 5 L MRINCEREBR F LB RTINS T, 2Dk
B QIEERT(LO TR F(LET8 5 & propagator H3lkf] ¢ —>+ oo THREZH
UL, ZODICHZEDEREHNRD & D LZEZ T propagator 2T 2HkIC L 7o

(8) quasi-hemitian conjugationx % 5231, hermitian conjugation + & XAJL TR,

(4) quasi-unitary 73 S-matrix ZEHERRBIZCEERL T,

T DM TIINFIC®), @), @WORMELAZ TIGENS,

Yamamoto D4 1C§t- T Lagrangian density #

L= —é r<0,,(/50(7,,(f)o 2g/)o> <a/,q)1r7 D1—12037 >

2
+- é <3,,q;1(7 9"1 1>f2> (2. 1)
EIRET NI, field equation |3
(CI+£2) go=0, ([(I+7Dg1=0, (J+72¢*=0 (2. 2)
Elh, ZOMI3
(/)0=V~(2¥ )}»3 Svg% {a<k>eikx—i(uot+a*(k>e—ikx+i(/)ot} (2 . 3)
T o
i (1)1
96;"=‘/(;)3 Sl/c;s_k {ﬁ(@eikx—i<‘u1t+a,*<k>e-—z'kx+i?mt} (2. 5)
N (1

1D, ¢1 & 97 i t—— oo THODICRBT 5o CNRERBERTEZEAL L LRIIITHE

RTHs, LT,
wo=Vk2+r2, 01=Vkz+72, @1=Vk247? (2. 6)

ThHd. P EDFEickh propagator & F i (-—>+toco TREERIIHBREIY, EBEERD
pog L AEA
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la(k), a*(k)])=0(k—k") (2. 7)
(a(k), F*(kD)=0(k—K) (2. 8)
(3Ck), a*(k)]=0(k—k") (2. 9)
{other combinations] = 0 (2. 10

ETEDE S
ak) | 0>=ak) ] 0>=3H]k) | 0>=0
L0 Ja*k)y=<0 | a*k)=<0 | 3%k)=0 (2. 11)

Z-{fi 5 & propagator (1

<O | Toa(o(x) | 0>

thix—x"y—iw(—1t)

=1 [{1+ (x— x)} ! Sr+d4k ¢ ket

2 (27)*

eik(x— x)—im(t—=t") .

H{1-c ) ] a k2t

(2m)¢

- 3 e =25y (2.12)

<O | Te¥xgk) | 0>

== [{1 +e(x— x’)} ! S d*k eik(x—xl)_z‘(,'_)a,—t,)

2 (2m)* kR
. th(x—x")—tw(t—t")
e
{1—(x Y)}(Z)“S dtk k2 g2 ]
- ; dr(x—x' 3 7) (2. 13)

ERY, Inoi<0 O&XEFX (2. 13) BHERIEMICREL, hoi>0 ok xL (2. 12)
R T,
€T Yamamoto (il Fourier EHE JUKMBEGREKXOETICLTHE O THEDTE S

%
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Fig. 1

atk) | 0>=ak) | 0>=a*k) | 0>=0
<0 la*(k) =<0 | fk)=<0 | 2*k)=0 (2.12

O¥EIC 25 L propagator ALK T AR Lc b3 TH Do L LIS S, KMINKHRE HAEDER
ERMRICEE R R 2 boTIREL, AN (2. 9) &

‘;(k) ‘ ...nk...>—_—.l/ ”k l ...... (n— 1)k ...... > (2. 15
a*(k) | g >=v (n+ 1) [SRREERE (mt1)p - > (2. 16)

REETHY, k), o) FTNENHEBIT T, LRER FoRHEEETOS, -7, X
(2.15), (2.16) & (2. 4 KBBFL ok [ 0>=0, <0 |3k)=0 L3AIMA
nNWLNTHb., bE b & real mass particle OFEFFICE L TIZ hermitian conjugation t O
DN EET-AS ARER Y, O ROEATRIHEEE TV BRST R G2 o T,
Yamamoto DM DEHICB VT EFNSA—BMICHK LT, quasi-hermitian conjugation * 7S
R E T2 EDLT EVSBFIEHFRRIAL BEAONTNS, Yamamoto 330 (2. 14) DEH

ZWALUEFHRELT * &t FEERBESI ALK (2. 14) OBHLRBAHRTRE WD kA
LTWnah, £ (2. 14) EXBMEENRTFEL TV AU ERRICIIEORVETGTZ XD,
FETOERELTRAOYIFLTWLAIL (2. 1) 2B
(H, ¢(0)=0, H{ 0>=0 (2.17)

7 W9 % Hamiltonian & L T
H= Sd‘*k{a*(k)a(k) + 3* R (k) +ax (k) 3 (k)} (2.18)
S EAHK, TIIW] S A quasi-hermitian conjugation D& & TAETH D

H=H* (2. 19

&fi 5o t-72 L

J— 31 .
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R O e = G (2. 20)

/—"T

&9 5%,

XiC Yamamoto® |3 hermitian conjugation t & quasi-hermitian conjugation * #4351 X
ML T2 OMWITETE~TWV 3, %3°Ld quasi-hermitian conjugation * DOYHERZER T =
DUTOVBLEREANRV, UTFZ0OMEAICODVTELTAHL D,

quasi-hermitian conjugation * [Z DI E A EW® T 2, T3 b,

a(k) o a*k)
alk) o %k
Bk o p*(k) (2. 21)

Z O FIZ hermitian conjugation & 4 < & LA

@*=Q
(Q1Q2)*=Q2%Q 1 *
(@) *=cQ* (2. 22

IS EEFEI N T 243, Yamamoto [355% 0 5 %12 quasi-hermitian conjugation & hermitian
conjugation DL KA 5 % TWIih- 7253, real mass field 7213 ic B % L - physical state
& complex mass field i< B{f L 7- unphysical state & 4 BREIC X4 3 7-%IC, quasi-hermitian
conjugation &5 HE&AZHEA L -,

& Z A TYamamoto® »9) |3 S-matrix %

+ 0

S=Texp<—iS Him(x)d‘*x) (2. 23)

LEHT S LI T, quasi-unitary

S*S=1 (2. 24)
LU, Fic

| f>=S1i> BXU <f|=<i|S* (2. 25)
25, REED norm

<Sflf>=<ili> (2. 26)

DRIFT 2 LIERTV B, 51K (2. 25) O THERE | > BB THILE, &k
| f> % /-HBENTH 5WZ, physical subspace i 54 T S-matrix {3 unitary & h~T 2,
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physical subspace < unitary S L7SWVWC EEZIEHT B0, H OFEROA —4—D
S-matrix IOV TEET 5, THDL,
e 4

S=1 —iS d*xT(H,(0)) =1 — zS d*xT(gO) (2. 2D

— o0 —_—o0

H; & LT 5%, gp* SEnEZ SN TH505, operator product O=ABCD (DWW THl
~NZ, ZZTA, B, C, DiI—lic& % a, a*, «, a*, B, f* 5L HEATTH 5, operactor
product O [Z—REICKD L HDICEBBEINE, THhH,

O=ABCD
— N{ABCD) +3,<AB>oN(CD) +i,<AC>oN[BD)
+3,<AD>oN(BC) +d,<BC>oN(AD) +3,<BD>oN(AC)
+6,<CD>oN(AB) +3,<CAB>,<CD>0+d,<CAC>o<BD >0

+3,<TAD>o<BC>o (2. 28)

#-721, N{ABCD) |3 normal product, <<AB >, (3 factor pair T&h %, #ic, S FZ—HEHICIT
a, a*, a, a*, 5, F* A& operator THB T EW¥ B, - T, KEE 1>, 11>, | [>%
&R PENIRETH 5 ET0E, —RIIIC

<i| S| j>x<i| ST > (2. 29)
<HBWA, ® (2. 25, (2.2 XV
<flf>=<i|S*S|i>
=JZ<iIS*|J'><]'ISIi>
n<i|ST1>< 1S 1>
_<i|STsi> (2. 30)
TRbL,
<i | S¢S | i>x<i | STS > (2. 3D

L1 T, unphysical space icHBU T quasi-unitary |35k L T® physical subspace T
unitary (32 L7830,

§ 3 Discussion

§ 2icB L T, complex mass particle OFEICE L THWE S X 7208, T TRARBROEIE
XN 2ODREXT %o
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(I) ket vector & bra vector [}{%|%, physical subspace IC B CI3HEN MY hermitian
conjugation ¥ TH2 L3 5,

<physical | <——— | physical > (3. 1)
T —conjugation

unphysical space |2¥1F % ket vector - bra vector |3, physical subspace & X &

RO % (2 D%~ quasi-hermitian conjugation * L1512 2125 25) bbb L0
EThH
<unphysical | «—-—> | unphysical> 3. 2)

*-conjugation

7272 L *-conjugation |} physical subspace i f-conjugation PRSIk S D),
t-conjugation |3 unphysical space Tz TEN WL LD LET B
() X (2. 11 TETTIERTOBE XD, MEDEHEAROLEIICE S,

ak) | 0>=c(k) | 0>=53k) | 0>=0
L0 Ja*(k) =<0 | a¥(k)=<0 | 53*(k)= 0 (3. 3)

complex particle LA ELEAT L4 T (2T EIFHRITIEND) ZHEELTHE0DTH S M
5, § 2 THUISICENA K DA O BTN 2 0 AT B8 HRIN R & 1T O 8124
EREFS TR SR EEDN %73, Yamamoto o ik L 7= CHUMR & e D5 5 4 2
BTN LT D0 LBLESS, LD200MEEEDAT EI1TL-T, TOL 5RO
LT EMTE A, £z Yamamoto Dim ic BT “The most characteristic point of the
theory of complex mass is the energy which is not real. This reflects that the Hamiltonian

as the energy operator is not hermitian,
H —H

The hermiticity of Hamiltonian was assumed originally in order that the energy expectation

value is real” & & 24338 4 O/ 3 physical subspace |23} 2 Hamiltonian (2

1¥=:Sd3ka*(k)a(k), (a*—ah) (3. 4)

ThHbHMO,
Hi —H (3. 5)

EWD, £7/28§ 2 TH L 72& D IiC unphysical space |45+ 4 Hamiltonian |1
H = {@k{a* ) a ) +a* (ka0 + 5% k) 5k ) (3. 6)
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THHIo,
H*=H (3. 7)
P AN
X 51z Yamamoto® |3/ D Lk HICiENT 3%, “We must notice here

{(operator) ! 0>}**&7<0 | (operator)*
for some operators. For example,

(<0 Jappp | 00
Z{ <0 | ;Sk,a’,"; [0 >=0 incorrect
(wri(k—Kk))*=w¥i(k—k") correct

It seems therefore that the vacuum is defined independently for the bra and ket vectors.
In other words bra state vectors and ket state vectors are not connected with each other
by a simple operation like hermite conjugation.”

COFRFELmhokicihicnsd
| f>=S|i>and <f| =<i| S*

EXET AL SR, T HlUc bra vector & ket vector ¢ scalar FiOO U DI ASES
72T, W13 5 IC T-conjugation & *-conjugation o> &Mt BIF 4 52 5 4515 T, *-conjugation
OYFRERAZH O FTIC LTS, ETHM, RAD2O2DIEELHBmER (2. 8) 25L&
Lol

(<O |alk)f*(k) | 0>)*
<0 | fEDa*k) | 0 >=d(k—k")
(0(k—k))*=i(k—k")

(3. 8)

LD, T IOEIWIEITZ L8 T T o1 DRV DIFIKR~A D notation 2> TH LT
H5bo

UL L1shs o, Fx OGEZAIRH Loty W KOHAUT t— o IZX LT propagator 733
BT BCETHDH. CONMEMRT B )/TEELTRDEINC aDBEL 6N 5,

(1) propagator Z Ui BU{ERET HHUCHEET H T &0

2) ZOREBUOPFERZY] ST Uk, TOHERL T &

Z LT physical subspace T unitary 75 S-matrix 7D S8 IULTE SN0,

ixic, propagator DDA EN D AT DK Z-~KEDX S RRFICT 5D H,
DFMEL KO ERRIEIZ EDE AT 20 EVIENS L. TOIIBKAEKT-~DT 71
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—FEUTEZONBCERROBLEETH S,

(1) complex mass %Zffio THEINKMEE ERALSIL—BT 2L REKNTTHBC
&Eo

(2) reass mass ZFFORMK T LA UBTHORBHFEEL SND,

(8) propagator DI IREK.THEbLNE DD, HMBEHICNIWVWEEILNEOT,
resonance DR LRIFNDEDONOEEZLNTHA Do

e €.
4
€ e
2.a
Fig. 2

Fig. 2) © (a)icizft% > Feynman graph (Mgller scattering 2L <) Z5kL, (b)icid
complex mass P Feynman graph 25/RX N T3, T T2 DilE(2 complex mass %5 k&
UF conjugate complex mass DMK TFZRL, AHOMETH 3,
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