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Abstract —— A DC stability criterion for the transistorized nullator-norator-modeled
resistive networks is proposed. DC stability essentially depends on the selection of pairs
of nullators and norators, and it can be checked by using the return difference matrix. A
nullator—norator circuit corresponding to Schmitt trigger is illustrated as an example.

The experimental results using transistors are also shown.
1. Introduction

In 1960, Oono (1] introduced the singular network elements into the active network
theory, and pointed out that they correspond to the ideal transistors, for which the base
currents are zero and the base—emitter voltages are zero (or equivalently, hie=0 and hse
=o0), Afterward, the singular network elements were named “nullators” and “norators”
(2), and the nullator—norator pair was termed “the nullor” (3].

Today, the nullator-norator concept is widely used in the area of electronic circuit,
active network theory and graph theory. The reasons for this are as follows: (1) There
exist practical electronic devices of nullors, such as transistors, FET’s and operational
amplifiers. (2) By applying the nullator-norator equivalent transformations to a known
electronic circuit, some new electronic circuits may be derived [4). (3) The analysis and
synthesis of electronic circuit by using nullators and norators are relatively simple (5)-(7).

In the realization of nullator-norator-modeled networks with practical electronic
devices, the stability problem and the bias problem must be investigated [7)-(13]. The
stability problem includes the selection of pairs of nullators and norators, and the determi-
nation of input— and output—polarities of practical electronic devices. The bias problem,
if transistors are used, includes the selection of types of transistors (npn or pnp), and the
determination of the connection of resistors to positive— or negative-DC voltage supplies
or ground. The stability problem for operational amplifiers has been discussed in many
literatures (7)-(9), (12), but it for transistors or FET’s has not been discussed except for
literatures (10], (11], (13]).

Manuscript received January 30 1985.



i R AR S5 1985

This paper describes the stability problem in realizing nullator-norator-modeled resis-
tive networks with transistors [11). Stability of the realized transistor circuits is analyz-
ed by using the return difference matrix (14) for the associated controlled—source-modeled
resistive networks. A nullator-norator circuit corresponding to Schmitt trigger (15] is
illustrated as an example. The experimental results of realized transistor circuits are
shown. They agree with the stability analysis which is based on the return difference

matrix.
2. DC Stability of Transistorized Nullator-Norator-Modeled Resistive Network

2.1 Formulation of Nullator-Norator-Modeled Resistive Network N

(Definition 1] A nullator-norator-modeled resistive notwork N consists of independent
—voltage—sources e; (their currents : 1), independent-current-sources jo (their voltages : vo),
m nullators (their voltages:vs =0, their currents:is =0), m norators (their voltages:vs =
arbitrary, their currents:is =arbitrary), and positive-valued resistors. And the network
N has a unique solution.

From this definition, the following Lemma holds.

(Lemma 1) The network N has no tie-set consisting of independent—-voltage-sources
and/or nullators (norators), and no cut—set consisting of independent—current-sources and/
or nullators (norators).

2.2 Formulation of Controlled-Source-Modeled Resistive Network ¥

In realizing the nullator-norator-modeled resistive network N with transistors, (1) all
nullator-norator pairs must be chosen in three-terminal configuration, and (2) the positive
direction of the polarity of transistor in respect to the signal, must be chosen so that the
base current and the collector current flow into the transistor, without distinction of type
of transistor (npn or pnp). For the stability analysis of the realization circuit using
transistors, CCCS’s (Current-Controlled Current-Sources) are used as macro-models of
transistors. Fig. 1 shows the relation among nullor (i.e., nullator-norator pair), transistor
and CCCS.

(Definition 2] A controlled-source-modeled resistive network ¥ is the network that
nullators are replaced by current-sensors e, (their currents: i), and norators are replaced
by controlled—current-sources is (their voltages:vs) in the network N.

The network ¥ is written by the following hybrid equation (14]



DC Stability of Nullator-Norator- Modeled Resistive Networks Realized with Transistors

ia=h, i .
iB C “fe B® i, 18-h12
@ Collector ©O) @
Base ) + e +
(npn type ®> 2
] "
0 arbitrary @ Emitter 0 arbitrary
or .
. . ic=heelp
(a) Three-terminal nullor ig (c) CCCS as a macro-model
@ Collector of transistor
Base
{pnp type)
) Emitter
(b) Transistor
Fig. 1 Relation among nullor, transistor and CCCS.
W, Hi: Hiz His X,
W | =] H2: Hz2 Has X, (1)
W; Hs: Hsz Hss X3
where
W2 (—if, —vi)f, X2 (el, o)t
sz}_Vs, XZA is:KW3 (2)

Wi, X532 —e; =0
K2 diag (hi,hz, " hm), hi20 (i=1~m).
In eq.(1), known vectors X; and Xs, unknown vectors W,, W>, W3 and X, and submat-
rices of hybrid matrix H,,~Hss, in which every matrix-element is real, are used. The
(i, j) element of transfer matrix —Hs. represents the current transfer ratio from the j-th
controlled—current-source to the i-th current-sensor, where i, j=1~m. The coefficient
matrix K is a real diagonal matrix. The (i,i) element of K is the current gain hi of the
i-th CCCS (i.e., the i-th transistor).
Equations (1) and (2) give the solution
X.=(F3' KH3)X,
W, =[H,,+H:Fa' KH3. )X,

W= (Hz+HzFi' KH3, )X, )
W3 =[Hs +Hs:Fi' KHs )X,

if the return difference matrix (14)
Fs2 1 —KHs; (4)

is nonsingular (i.e., det Fqa=0).
From eq. (3), the following Lemma holds.

(Lemma 2] (i) The network ¥ has a unique solution. <= (ii) @ The matrix Fq is
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nonsingular, if all h’s take finite values, or @ All elements of the matrix Fq'K are finite,
if all h’s may take infinite values and/or finite values.

(Lemma 3] (i) The nullator-norator-modeled resistive network N has a unique solution.
&= (ii) The transfer matrix —Hs. for the controlled-source-modeled resistive network . ¥
is nonsingular.

This proof is to be referred to Theorem 1 in literature [13].

The determinant of the return difference matrix Fq is expressed as

det Fa=1+{ah, +azh.+ashs+----- +am-1hm-1 + amhm}
+{am+1hiha +ams 2hihs + oo + amm+ vizhm-1hm} +--eee
+{a;-mhihz***hm-1 +a;-m+1hihe  *hm_zhm + - +a,-1hohs -hm} +ahihe-hm (5)

where
zﬁﬁ WCi=2m— 1 (6)
il 121“
The coefficient of hihi,--hi, = det [ _}132(_ o >] (7)
i d2o++in
a; < det [—Haz]:(_l)mdet Hi, 0. (8)

The right-hand expression of eq. (7) is the principal minor (16) which consists of the i, —,
il2—, -+, in—th rows and columns of matrix —Has,, where 1=, <i,<---<1,=m, and n=1
~m (9)-(13].

2.3 DC Stability of Realization Circuit Using Transistors

The physical meanings that a realized transistor circuit is unstable, are as follows: (1)
One or more transistors are cut—-off and/or saturated, or (2) the transistor circuit is
oscillating.

Stability of realization circuit is classified into five types (13], according to the activa-
tion process for practical electronic devices ( i.e., transistors, etc.) and the region of their
attainable gains. But in this paper, the DC gains of transistors are assumed to be finite
maximum values, because of the aim of derivation of a fundamental criterion for stability
(i.e., Theorem 1). The following discussion is performed in the complex—-frequency
domain (i.e., s~domain).

Actual transistors possess the phase-lag characteristics. Their characteristics are

approximated by the first-order phase—lag characteristics as
hi (s) 2 h/(A+sTy), h>0, T,>0 (i=1~m), (9)

where h; is the finite DC gain of the i-th CCCS (i.e, the i-th transistor), s is the complex-
frequency, and T: is the time constant of the i-th CCCS (i.e., the i-th transistor).
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The return difference matrix for the controlled-source-modeled resistive network ¥ in

which CCCS’s possess the first-order phase-lag characteristics is defined as

Fa(s) 2 1 — K(s) Hao (10)
where

K (s) ¢ diag (hi(s), hz(s),, ha(s)). (11)

Its determinant is expressed as

Smbm+Sm_lbm—1+ """ +Slb1‘+'50bo

det Fa(s) = (A+sT)A+sTz) (14+sTm) "

where

bm /é\ TszTm>0
by 2 3 (1+ah) T TeTa/ T, (13)

bo 2 det Fd.
In eq.(13), bo is equal to eq.(5). Stability of the network -V depends on the location of the

zeros of det I?;(s). From the Hurwitz criterion (17}, the following Lemma holds.

(Lemma 4) (i) The network ¥ is asymptotically stable. == (ii) In eq. (12), bu>0,
bm-1>0, ,bo>0.

(Definition 3) The netwok ¥ is DC stable, if (¥ is asymptotically stable only when every
Ti—0-.

(Theorem 1) (i) The network ¥ is asymptotically stable. = (ii) The network -V is DC
stable. <= (iii) det Fs>0. == (iv) a,>0.

(Proof) (i) = (ii): It is obvious from Definition 3.

(ii) = (iii): Since ¥ is DC stable, -¥ has a unique solution. Hence, from Lemma 2, the
matrix Fq is nonsingular, i.e., det Fs *0, because of the assumption that every hi is finite.
If det Fa<0, eq. (12) possess the zeros in the closed-right-half s-plane, because bn—0.
when every T,—0.. Then ¥ is not DC stable, which is a contradiction. Hence, the
proposition is true.

(iii)= (ii) : The converse in the above proof is also true.

(iii)= (iv) : From Lemma 3, a;=det [—Hs:)J*0 in egs. (5) and (8). Hence, the condi-
tion det F4>0 for sufficiently large hy’s leads to a.>0. (Q.E.D)

Therefore, it is necessary to find the nullator-norator pairs such that the condition det
Fa>0 (at least, a,>0) is satisfied in the controlled—source-modeled resistive network ¥,

for getting a stable realization circuit using transistors from a given nullator-norator-
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modeled resistive network N.
3. Example Circuit

3.1 Example Circuit and Its Stability Analysis

Fig. 2(a) shows a nullator-norator-modeled resistive network N such that the realiza-
tion circuit using transistors is stable or unstable, according to the selection of pairs of
nullators and norators. The gain of this circuit (Fig. 2(a)) is expressed as

Gain wunor = Vour/€1=—Rez{(Ri+ Rz + Re1 )Re + ReRei} /R2ReRer < 0. (14)

Tow ways (Case 1, Case 2) exist in replacing nullators and norators in Fig. 2(a) with
transistors. One way (case 1) is that nullator 1 and norator 1 construct transistor Q;, and
nullator 2 and norator 2 construct transistor Q. as shown in Fig. 2(c). The other way
(Case 2) is that nullator 2 and norator 1 construct transistor Q:, and nullator 1 and
norator 2 construct transistor Q. as shown in Fig. 2(d). In Figs. 2(c) and (d), transistors

are represented with npn type, for convenience.

(a) Nullator-norator (b) Controlled-source (c) Transistor circuit (d) Transistor circuit
-modeled resistive -modeled resistive with positive feedback with negative feedback
network N network N in respect to the signal in respect to the signal

Fig. 2 Circuits for example.

(Case 1 (Q: : Nu;-Noy, Q. : Nuz-Noz))
In the controlled-source-modeled resistive network ¥ of Fig. 2(b),
i81:h1i21, iazzhzizz (lr))

i1

—121{ Ri/(Ri+Re)) lﬁz} K‘[hl o]

32— (16)
122 Rcl/(R1+Rcl) O 0 hz
1+R1h1/(R1+RCI) hl
~.det Fq2 det(1 —KHs,)=det
Reh/(Ri+Ra) 1
:1+R1h1/(Rl+Rcl)_Rclh1h2/(Rl+Rcl) (17)
- Vi _Rcl/(R1+Rcl)< 0 y l o 3, (]8)



DC Stability of Nullator- Norator-Modeled Resistive Networks Realized with Transistors

From Theorem 1, this realization circuit of Fig. 2(c) is unstable (' det Fs<0 for
sufficiently large h, and h;), and therefore this circuit does not simulate the original
nullator—norator circuit of Fig. 2(a).

(Case I’ (Qi: Nu;—Noi, Q22 Nu:—Noy))

If current gains h, and h: are relatively small, and the condition det F4>0 is satisfied,
then the realization circuit of Fig. 2(c) is stable, but does not simulate the original nullator
—norator circuit of Fig. 2(a). Therefore, this case is nonsense in the situation that the
larger the current gains, the better the realization circuit must simulate the original
nullator-norator circuit. However, this case is interesting in the sense of uniqueness of
solution for the transistor circuit with positive feedback.

Modifying the condition det F4>0 leads as follows:

det Fe=1+R;hi/(Ri+Ra)—Rehihz/(Ri+Re) >0 (19)

"o Ri>Ra(hihz—1)/(1+hi)=Reha(1—a1/a2hy) (20)
where

a 2 h/(1+hy) (i=1,2). (21)

Equation (20) corresponds to eq.(1) in literature (15). The gain of this circuit (Fig. 2(c))

in the case of det F4>0, is expressed as

Gainppﬁ\;"“‘: cz{( 1 +i};)(h1+1)hz+M—}/{1+ Rihi  Reihih, }

1 R1+RC1 (RI+RC1)RE R1+RC1 R]+RC1
(22)
(Case 2 (Q:: Nuz—Noy, Q2 Nu;-Noz))
In Fig. 2(b),
181 = huize, is2 =hala (23)
is1 1s2
—iz2] Rer/(Ri+Rer) 0 hy 0
—Hsz.= , K= . (24)
—iz1] Ri/(Ri+Ra) 1 0 h:

1+ Rcihi/(Ri+Re1) 0
~.det Fq2 det(1l —KHs;)=det

Rihz/(Ri+Ra)  1+h,
=1+Rcihi/(Ri+Re1)+hz+Rethihze/(Ri+Rei ). (25)
For h; >0 and h,>0, the condition det F4>0 is satisfied, that is, Theorem 1 is satisfied.
For T,>0 and T.>0, det Fa(s) of eq. (12) does not possess the zeros in the closed-right—
half s—plane. Hence, this realization circuit of Fig. 2(d) is stable, and simulates the
original nullator-norator circuit of Fig. 2(a). The gain of this circuit (Fig. 2(d)) is

expressed as
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- o Vour _ {# 1 __Reihihy llz}/{ ~Reihy
Gaine = = 5= ~Re| (g g+ Rt Dhe b Sn R/ U R, AR,
Rclhlhz,} ,

+hy+Rafube | 26)

3.2 Consideration on Bias Problem

It is necessary to give the bias in realizing the transistor circuits of Figs. 2(c) and (d),
because they are the circuits in respect to the signal, ie., the circuits without biasing.
For example, if transistors Q. and Q: are npn type, and if one DC voltage supply is used,
actual transistor circuits for Figs. 2(c) and (d) are obtained by the following manner : (1)
The vertices ® and (v) are separated, and (2) the vertex (%) is grounded, and (3) the vertex
(x) is connected to a positive DC voltage supply. Then the circuit for Fig. 2(c) is a well-
known Schmitt trigger (15].

Fig. 3 shows the realized transistor circuits with DC voltage supplies Vsi, Ve: and Vi,
in the case where the input transistor is npn type. Table 1 shows the combination of DC
voltage supplies. The suffix j=0 denotes the realized transistor circuits with one DC
voltage supply, and the suffix j=1,2 denotes the realized transistor circuits with two DC
voltage supplies.

In Fig. 3, the input voltage is e,, and the output voltage is Vou, and the collector
voltages of transistors Q: and Q. are V. and V.. respectively, therefore, Vou = Ves. For
the used resistors in Case 1 and Case 2, the gain of the original nullator-norator circuit
of Fig. 2(a) is evaluated by eq. (14) as

Gain yyor = —0.813<0. (27)

3.3 Experimental Results

The experimental results of the realized transistor circuits of Fig. 3 are shown in Figs.
4 and 5 and Tables 2 and 3. The input voltage e, is varied from 0 V (DC) to +10 V
(DC), and from +10 V (DC) to 0 V (DC). The collector voltages (DC), the base voltages
(DC) and the emitter voltages (DC) of transistors Q; and Q. are measured.

(Experimental results using one DC voltage supply)

Fig. 4 and Table 2 show the experimental results of the realized transistor circuits with

one DC voltage supply.
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(a) Circuit P1-j (j=0,1,2) (b) Circuit P2-j (j=0,1,2) {c) Circuit P3-j (j=0,1)

h]=140, h2=138 h]=445. h2=340 h]=470, h2=340

(d) Circiut N1-j (j=0,1,2) (e) Circuit N2-j (j=0,1,2) (f) Circuit N3-j (j=0,2)

h,=130, h =135 h,=470, h,=340 h,=470, h,=340

1 2
Fig. 3 Realized transistor circuits with DC voltage supplies.
[(a), (b), (c):Case 1 (Positive feedback, det F4<0)
(d), (e), (f): Case 2 (Negative feedback. det Fq>0)
Rei=4.2kQ, Re:=1.0k2, Re=3.0k®, R, =2.0k2, R.=6.1kQ
(a), d): npn : 25C732
(b), (c), (e), (f):npn:2SC1222, pnp: 2SA640
| hi: Current gain of transistor Q; (i=1,2)

Table 1. Combination of DC voltage
supplies for the circuits of
Fig. 3.

j Vsl Vs2 v53

+10V +10V 0 V (ground)
+10V +10V | -5V
+10V +5V 0 V (ground)

o= O

Figs. 4(a)~(c) show the following: The circuits for Case 1 are unstable and do not
simulate the original nullator—norator circuit of Fig. 2(a), because one or two transistors
are cut—off and/or saturated, that is, there is no region such that both the transistors Q;
and Q. operate linearly. These realized transistor circuits exhibit the hysteresis charac-
teristics.

Figs. 4(a")~(c’) show the following: The circuits for Case 1’ are stable but do not
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Fig. 4 DC characteristics of the realized transistor circuits with one DC voltage supply.
(Temperature : Ta=17C, Vout=Ve2)
(@), (b), (c): Case 1 (Positive feedback, det Fya<0)
(@), M), (c): Case 1" (Positive feedback, det Fa>0)
(d), (e), (f): Case 2 (Negative feedback, det Fs>0).
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Table 2. Experimental results using one DC voltage supply.

Fig. 4/ Circuit Input voltage range that both Measured gain (Theoretical gain)
the transistors operate linearly Gain 2A Vou/Aer  \by egs.(22),(26)
(@) P1'-0 e1=38—45V 1.905 ( 4.671)
(b),/ P20 e1=6.7—82V 3.878 ( 7.320)
),/ P30 e, =57-73V 4.540 ( 7.550)
(d) /N1-0 e1=3.0—-50V -0.775 (—0.806)
(e) /' N2-0 e1=6.0—76 V —0.790 (—0.811)
(f) / N3-0 e:=80—-95V —0.796 (—0.811)

simulate the original nullator-norator circuit of Fig. 2(a), because the measured gains are
positive in the region of linear operation. As shown in Table 2, the measured gains are
small in comparison with the theoretical gains which are evaluated by eq.(22). This is
because eq.(22) (and also eq.(26)) is derived under the assumption that the base-resistances
and the emitter-resistances are zero, and the collector-resistances are infinite in all
transistors.

Figs. 4(d)~(f) show the following: The circuits for Case 2 are stable and simulate the
original nullator-norator circuit of Fig. 2(a), because the measured gains are approx-
imately equal to the gain of nullator-norator circuit (—0.813).

Hence, the experimental results (Case 1, Case 1’, Case 2) using one DC voltage supply
agree with the stability analysis described in section 3.1.

(Experimental results using two DC voltage supplies)

Fig. 5 and Table 3 show the experimental results of the realized transistor circuits with
two DC voltage supplies. Figs. 5 (al)~(cl) show that the circuits for Case 1 are unstable
and do not simulate the original nullator-norator circuit of Fig. 2(a). These realized
transistor circuits exhibit the hysteresis characteristics. Figs. 5 (d1)~(f1) show that the
circuit for Case 2 are stable and simulate the original nullator-norator circuit of Fig. 2(a)
in the region that both the transistors Q: and Q. operate linearly. Hence, the experimen-
tal results (Case 1, Case 2) using two DC voltage supplies agree with the stability analysis
described in section 3.1.

In the case where the input transistor is pnp type, the experimental results are in

complementary relation to the above experimental results.
4. Conclusion

The stability problem in replacing nullators and norators of a nullator-norator

-modeled resistive network with transistors, has been investigated. The realized tran-
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Fig. 5 DC characteristics of the realized transistor circuits with two DC voltage supplies.
(Temperature : Ta=22C, Vou= V)
(al), (a2), (bl), (b2), (c1):Case 1 (Positive feedback, det Fs<0)
(dl), (d2), (el), (e2), (f1): Case 2 (Negative feedback, det Fq>0).
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Table 3. Experimental results using two DC voltage supplies.

Fig. 5/ Circuit Input voltage range that both Measured gain (Theoretical gain)
the transistors operate linearly Gain A Vou/Le,  \by egs.(22),(26)
(d1),/N1-1 e1=1.0-52V —-0.789 (—0.806)
(d2),/N1-2 e=16—27V —0.725 (—0.806)
(el)”N2-1 e1=6.2—6.8 V --0.737 (—0.811)
(€2),/N2-2 er=35-70V —-0.792 (—0.811)
(f1),” N3-2 e1=43-79V -=0.777 (—0.811)

sistor circuits of Fig. 3 for the example nullator-norator circuit of Fig. 2(a) operate stably
or unstably, according to the selection of pairs of nullators and norators. Those experi-
mental results (Figs. 4 and 5, Tables 2 and 3) agree with the stability analysis, which is
based on the return difference matrix Fa. The stability criterion, which is given by
Theorem 1, is useful in the realization of nullator-norator-modeled resistive network with
various practical electronic devices, especially transistors.

The bias problem, which has been considered briefly in section 3.2, is left to be studied.
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